Q1. (True or False) Please circle the correct answer. Each qﬁestion worths 0.5 points.
(You do not have to explain your answer.) '

In all the statements below, V' is a finite dimensional inner product space
over F=R or C and 7T : V — V is a linear operator on V.

(i) If A € Mayo(C) is symmetric, i.e. A® = A, then A must be normal.

TRUE FALSE |

(ii) Every unitary operator is normal.

_Tlflm FALSE
(iii) An orthogonal projection is uniquely determined by its range.

TRUE ) FALSE

)

(iv) If T'is unitary, then 7 is also unitary.

)

o

TRUE FALSE

(v) If T is an orthogonal operator, then all the eigenvalues of T' are equal to 1.

TRUE FALSE )

(vi) In R2, the composition of a rotation with a reflection is a rotation.

TRUE | FA?E}

13
Z> € Msyx5(C) has an orthonormal eigenbasis for C2.

(vii) The matrix A = <z )

TRUE ) FALSE

5

(viii) Let F = R. If 3 and v are orthonormal bases for V, then the change of coordinate —
matrix @ from S to v is an orthogonal matrix.

TRUE | FALSE




Q2. (Short Questiohs) Each question worth 1 point. (You do not have to explain your
answer.) : '

In all the statements below, V is a finite dimensional inner product space
over F=R or C and T: V — V is a linear operator on V.

(i) If dim V' = 5 and nulli-ty(T) =2, then what is nullity(7%)? (Hint: recall that
N(T)* = R(T*).) '

Answer: 2—

(ii) Suppose that a matrix A € May2(C) is normal and has distinct eigenvalues 1 and
1+ 4. Find all the eigenvalues of A*. '

Answer: / [l

. (ili) Suppose that [T = C i) for an orthonormal basis 8 of V. Write down the

- )
Answer: <"'f I

. | (iv) If A € Myxn(R) is an orthogonal matrix, find det(A?).

matrix [T7]g.

Answér: ’

y S 1 ; x
(v) Write down a vector in R? which is orthogonal to ( 0) with respect to the inner

product defined by

&
<( 1> ; <y1>> = z1y1 + T2y1 + T1Y2 + 2T2Y2.

x2 Y2
b
Answer: -

(vi) Suppose A € Maox2(R) is symmetric with eigenvalues 1 and —1. Find tr(A%A).

Answer: 2




Q.3 (10 points) Let A € M3,3(R) be the matrix

0 —-11
A=[1-10 -1].
1 -10

(a) (5 points) It is known that —1 is an eigenvalue of A. Find an orthonormal basis
for the eigenspace E_; of A.
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(b) (5 points) Find an orthogonal matrix @ € Mszy3(R) such that Q'AQ is diagonal.
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Q.4 Let V be a finite dimensional complex inner product space.

~ (a) (2 points) Prove that for all z,y € V,
lz -+ yl1? = l=l” + 2%(z, ) + llyll*,

where R(z) denotes thé real part of the complex number 2.
For all x4 € T
('X%la . .X“Yg >
(«x, 'x+ﬁ> +- < ‘& N+3 b4 ‘

x>y + 4«,37 + (?,.17 . é‘gf'g‘?

nxfg\\" =

1A

W

[

Ui + <xiy 7t <Yy Iy ks

- l H
= x4 2 Re <7 + Uy 0%
(b) (4 points) If T': V — V is a self adjoint operator, prove that for all z € V,
IT(z) +ix|® = | T(2)]* + .

(Hint: consider the complex number (I'z,iz) and use (a).) Use this to deduce that

T + ¢ is invertible.

e af 0, T 2
=-i{% Tx7
=-<ix, Ta7
=~ Tx, ix 7.
Hence RedTx,ix Y =0 and by part (a), we have

N Tx +ia )% = ITxn® +hix 0™ = JTx >+ 1xl®  v4eV.

For all xeV, { Tx,ix?

New, i (T+iI)x =0, tn I Toel’ + 117 =0

Qincg T2l 2o, Nzt 2o, this Twplies that [lzl=0,
ad X =0. Howmce we have ghewn that (T+iT) 15 4““5uﬁ"*‘

Sinee V18 ‘fiv{\’& dimensiondl | THiL must be vertible.

6




Q.5 (a) (2 point) Write down a matrix A € Max2(R) where there does not exists B €
Moy2(R) such that B2 = A. Explain your answer. "

Lét /L\:(:,?,> Nety that c{QtA = -1,
If I be M’wz(m) Si,;ck that B)-:'A'w then

2l

bet A~ (4t B 20, i s« cotadition

(b) (2 points) Let A € My, (R) be a symmetric matrix whose eigenvalues are all real
and nonnegative. Prove that there exists a symmetric matrix B € My, x,(R) such
that B? = A. Hint: Use spectral theorem.

gihcq A i gjmmg‘tvic, thave exists an mﬁ\ﬁjcﬂ\’&

, M
matrix R st &TA & = < Xn) :

E)j assumr‘fim , e ‘ha\}c >‘; - = U, 2o G "
Ip - ;
New, let (= and B =R C O
P

]

L C& =B
pca’acd = Q&= A

Thn B =8Q7C Q"
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